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Abstract 

Let (X, J) be a compact Kahler manifold with a non-zero holomorphic Poisson struc- 
ture f3. If the obstruction space for deformations of generalized complex structures 
on (X, J) vanishes, we obtain a family of deformations of non-trivial bihermitian 
structures (J,Jf,h t ) on X by using (5. In addition, if the class \J3 ■ u] does not 
vanish for a Kahler form u, then the complex structure Jf is not equivalent to J 
for small t ^ under diffeomorphisms. Our method is based on the construction of 
generalized complex and generalized Kahler structures developed in [1QJ and 
As applications, we obtain such deformations of bihermitian structures on del Pezzo 
surfaces, the Hirtzebruch surfaces F2, F3 and degenerate del Pezzo surfaces. Further 
we show that del Pezzo surfaces S n (5 < n < 8), F2 and degenerate del Pezzo sur- 
faces admit bihermitian structures for which (X, Jf ) is not biholomorphic to (X, J) 
for small t 7^ 0. 
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Introduction 

A bihermitian structure on a C°° manifold X consists of a pair of integrable complex 
structures J + and J~ with a Riemannian metric h which is hermitian with respect to 
both J + and J~ . If a complex manifold (X, J) has a bihermitian structure (J + ,J~,h) 
with the property J + = J, then we say that (X, J) admits a (compatible) bihermitian 
structure. A bihermitian structure (J + , J~, h) is distinct if the complex manifold (X, J + ) 
is not biholomorphic to (X, J~). We have the two (^-operators d + and d- corresponding 
to the complex structures J + and J~ respectively. In this paper we always assume that 
a bihermitian structure satisfies the condition, 

- d c + uj + = cfu;_ = db, (0.1) 

where d c ± = y/—l(d± — d±) and u± denote the fundamental 2- forms with respect to 
and b is a real 2-form. (Note that if H :— —d c + uj + = dLu)- is not d-exact but enclosed, 
(J + , J~, h) is called the //"-twisted bihermitian structure.) There is a research of compact 
complex surfaces which admit bihermitian structures from the view point of Riemannian 
geometry [2]. Bihermitian structures with the condition (10. ip appeared on the target space 
of (2,2) supersymmetric sigma model [7j. Surprisingly it turned out that there is a one 
to one correspondence between generalized Kahler structures and bihermitian structures 
with the condition (I0.1l) [12j. It is thus expected that the construction of interesting and 
various generalized Kahler structures would be a major step of development of the theory 
of bihermitian structures. Let (X, J) be a compact Kahler manifold with a Kahler form 
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lo. In the paper [TOj [TT], the author constructed a family of deformations of bihermitian 
structures by using a holomorphic Poisson structure (3. In the present paper, we shall 
obtain another family of deformations of bihermitian structures (J t + , , h t ) of (X, J), 
starting with the ordinary Kahler structure which satisfies J f + = J for all t, Jq — J and 
Jf 7^ ± J for small t 7^ 0, where t is a parameter of deformations. 

Throughout this paper we will assume that X is the underlying differential manifold 
of a complex manifold M = (X, J) with the structure sheaf Om- We denote by the 
sheaf of germs of sections of the tangent bundle Tj'° of M = (X, J) and A P G is the sheaf 
of germs of p-th skew symmetric tensors of G. Our main theorem is the following : 

Theorem 0.1. Let M = (X,J) be a compact Kahler manifold. We assume that 
the direct sum of cohomology groups ®f =0 H l (M, A 3 ~*0) vanishes. Then for every Kahler 
form lo and every non-zero holomorphic Poisson structure (3, there exist deformations of 
bihermitian structures (J f + , J t ~, h t ) which satisfies, 

J+ = J = J, j f Jr U=o = -203 -w + P'u), (0.2) 

where (3 ■ to is the d-closed forms of type (0, 1) with coefficients in the tangent bundle Tj'° 
which is given by the contraction between j3 and u>, and j3 ■ to is the complex conjugate. 
The d-closed form (3 ■ u> gives rise to the Kodaira-Spencer class —2[/3 ■ lo] G i/ 1 (M, 6) of 
deformations {Jf}. 

The condition (10.21) implies that J t ~ 7^ ± J for small t 7^ as almost complex structures. 
However these Jf and J might be equivalent under diffeomorphisms. If the class \J3 ■ u] G 
H l (M, 0) does not vanish, the family of deformations { J t ~} is not obtained by the action 
of a one-parameter family of diffeomorphisms on J. Thus the complex manifold (X, Jf) 
is different from (X, J) for small t 7^ 0. 

Theorem 0.2. Let M = (X, J) be a compact Kahler manifold. We assume that the 
direct sum of cohomology groups ®i =0 H' l (M, A 3 ~*0) vanishes and in addition, the class 
[/3 ■ lo] G i/ 1 (M, G) does not vanish for a Kahler form lo and a holomorphic Poisson 
structure 13. Then there exist deformations of distinct bihermitian structures (J, Jt,h t ), 
that is, (X, Jf) is not biholomorphic to M = (X, J) for small t 7^ 0. 

The infinitesimal deformations of generalized complex structures are given by the 
direct sum of cohomology group, 

H°(M, A 2 6) © H\M, 6) © H 2 {M, O x ), 

where ^(M, 9) is the space of the Kodaira-Spencer classes which gives infinitesimal 
deformations of (usual) complex structures. The cohomology group H 2 (M,Ox) corre- 
sponds to the exponential action of <9-closed 2-form of type (0,2), which is often called 
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transformations by b fields. The space H°(M, A 2 ©) corresponds to deformations of gen- 
eralized complex structures {Jpt} by a Poisson structure (3 which are called the Poisson 
deformations. As in deformations of complex manifolds, there exits an obstruction to 
deformations of generalized complex structures in general. The obstruction space to de- 
formations of generalized complex structures at Jj is given by the direct sum of the 
ordinary cohomology groups, 

3 

E\M, A 3 ^0) := H°(M, A 3 0) © H\M, A 2 6) © H 2 {M, 6) © H 3 {M, O m ) 
i=0 

which is the obstruction space in the theorem lO.il If the space of the obstruction vanishes, 
we can apply the method in [10] and [11] to construct a family of generalized Kahler 
structures which corresponds to the one of bihermitian structures in the theorem 10.11 
More precisely, the complex structure J gives a generalized complex structure Jj and 
the Kahler structure lo also provides the enclosed non-degenerate, pure spinor tp = e v/ ~ Ta; 
which induces the generalized complex structure J^. The pair (Jj, ip) gives rise to a 
generalized Kahler structure (Jj,J^). It is the essential feature that the generalized 
geometry inherits the symmetry of the Clifford group of the direct sum of the tangent 
bundle T and the cotangent bundle T* on a manifold X. The space of almost generalized 
Kahler structures forms an orbit by the diagonal action of the Clifford group. Thus 
we construct deformations of almost generalized Kahler structures with one pure spinor 
staring with (Jj,ip) by the action of the Clifford group, 

Jt = Ad e z W Jj, i> t = e z ®il), 

where e z ^> is a family of the Clifford group and Ad e z( t ) denotes the adjoint action of the 
Clifford group on Jj (see [ID])- The pair (Jt,ipt) induces the almost generalized Kahler 
structure (Jt,J^ t ) and then the corresponding bihermitian structures ( J 4 + , Jf, h t ) are 
given by the action of Tf e GL(TX) by Jf = (Tf ) _1 o J oTf, where Tf is explicitly 
described in terms of Z(t) (see 13.41 in section 3). Thus our problem is reduced to construct 
Z(t) which satisfies the following three conditions: 

Jt := Ad e z(t) Jj are integrable generalized complex structures (0.3) 
dipt := de m tp = (0.4) 
(Tt)- 1 oJoTt = J (0.5) 

Then Z(t) yields deformations (Jt,Jip t ) of generalized Kahler structures which gives rise 
to bihermitian structures in the theorem l0.ll (see section 4 for more detail). Q 

Note that if tp t is closed, the induced structure J$ t is integrable. 
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Hitchin [TJ] constructed deformations of bihermitian structure of the type (J, J t ~, h t ) 
by the Hamiltonian diffeomorphisms on del Pezzo surfaces and Gualtieri [13] extended 
the approach to higher dimensional Poisson manifolds. The bihermitian structures which 
they constructed give the equivalent two complex structures under diffeomorphisms. Our 
constructions enable us to obtain distinct bihermitian structures. Q 

In section 1, we will give a short explanation of deformations of generalized complex 
structures. Deformations of generalized complex structures are often described in the 
language of complex Lie algebroid [20] . [12] . It is necessary to translate it in the terms of 
the action of the (real) Clifford group for our construction of generalized Kahler structures. 
In section 2, we recall the stability theorem of generalized Kahler structure with one pure 
spinor which was shown in [10] and [TT| . In section 3, we give a description of Tf which 
gives deformations of bihermitian structures corresponding to the ones of generalized 
Kahler structures. In section 4, we will construct deformations of bihermitian structures 
in the main theorem 10 .11 as formal power series. In section 5, we will show the convergence 
of the power series constructed in section 4 and finish our proof of the main theorem. In 
section 6, we apply our method to complex surfaces. In the case of complex surfaces, 
we only need to show that the cohomology groups iP(M, K M X ) and H 2 (M, 9) vanish to 
obtain deformations in the theorem 10.11 where Km is the canonical line bundle. 

In subsection 6.1, we show that every del Pezzo surface admits deformations of biher- 
mitian structures as in theorem 10.11 Let S n be a del Pezzo surface which is the blow-up 
of CP 2 at n points. Then we prove that if n > 5, there exists a class \J3 • u] G i/ 1 (S'„, 0) 
which does not vanish for a Kahler form uj. As a result, we obtain distinct bihermitian 
structures on S n (n > 5). In subsection 6.2, we will give several vanishing theorems of 
H 1 (M, K^ 1 ) and H 2 (M, 0) on a complex surface M. In subsection 6.3 we will show the 
non- vanishing theorem of the class \j3-u] G iP(M, 0) which gives rise to unobstructed de- 
formations. Applying these vanishing theorems and the non- vanishing theorem, we obtain 
bihermitian structure (J + , J~) on F 2 = (X,J) on which the complex manifold (X, J + ) 
is F 2 and (X, J~) is CP 1 x CP 1 in subsection 6.4. We also show that the Hirtzebruch 
surface P3 admits bihermitian structures. Degenerate del Pezzo surfaces are the blow-up 
of CP 2 at r points, < r < 8 which are in almost general position (see subsection 6.5 
for more detail). It turns out that the obstruction spaces still vanish on degenerate del 
Pezzo surfaces. If the anti-canonical line bundle is not ample, then there is a (— 2)-curve 
C with K ■ C = and it follows that the class \f3 ■ u] does not vanish. Hence we obtain 
bihermitian structures in theorem 10.11 on the degenerate del Pezzo surfaces which yield 
distinct two complex manifolds. We contract all (— 2)-curves on a degenerate del Pezzo 

The author received a note that Gualtieri also developed a modified approach to obtain bihermitian 
structures on F 2 recently. 
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to obtain a del Pezzo surface with rational double points, which is called the Gorenstein 
log del Pezzo surface, [5j SI H] - In appendix I, we give the power series construction of the 
Kuranishi family of generalized complex structures. In appendix II, we collect necessary 
formulae and give an explanation of the Schouten bracket and the Jacobi identity of the 
brackets. 

The author would like to thank for Professor A. Fujiki for valuable comments. He is 
also thankful to Professor V. Apostolov and Professor M. Gualtieri for our remarkable 
discussion at Montreal. 



1 Deformations of generalized complex structures 

Let J be a generalized complex structure on a compact manifold X of real dimension 2n. 
Then the generalized complex structure J gives the decomposition (T©T*) C = LjQ)Lj, 
where Lj denotes the eigenspace with eigenvalue a/— 1 and Lj is the complex conjugate 
of Lj. For a section e G A 2 Lj, the exponential e e is regarded as the section of complex 
Clifford group which also induces the section of SO(T©T*, C) by the adjoint action Ad e e. 
Small deformations of almost generalized complex structure J are written by a section 
of A 2 Lj, 

Jt = Ad e e(t) J, 

where t is the parameter of deformations. The integrability condition of almost generalized 
complex structure Jt is given by the Maurer-Cartan equation, 

d L e(t) + ^[e(t),e(t)] s = 0, (1.1) 

where di : A k Lj — > A k+1 Lj denotes the exterior derivative of the Lie algebroid Lj 
and the bracket [, ]$ is the Schouten bracket of Lj. Hence the problem of deformations 
reduces to solving the Maurer-Cartan equation, 

At first, we write a family of sections e(t) as a power series in t 

t 2 

e(t) = £lt + E 2 - + ... , (1.2) 

Note that our power series starts from S\. Substituting the power series (jl.2p into the 
Maurer-Cartan equation, we obtain the equation on t. We denote by ([s(t), e(t)]s)r k i the 
k th homogeneous term in t. Then the equation is reduced to infinitely many equations, 

yd L e k + ~{[e(t),e{t)] s ) [k] = (1.3) 

We have the differential complex (f\*Lj,di) which is elliptic, 

Lj d A A 2 Lj d A A 3 Lj 
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For k = 1, the equation is diSi = 0. It implies that E\ is a section of A 2 Lj which is 
(i^-closed. We take e± as a Hormonic section which satisfies 

A L ei = (d L d* L + d* L d L )ei = 0, 

where d* L is the formal adjoint operator of d^ with respect to a Riemannian metric on M. 
There are actions of diffeomorphisms and (f-exact 6-fields on generalized complex struc- 
tures which generate ci^-exact sections of A 2 Lj infinitesimally. We identify deformations 
by both actions of diffeomorphisms and d-exact 6-fields. It implies that the infinitesimal 
deformations (the first order deformations) are given by the cohomology group H 2 (Lj) 
of the elliptic differential complex {A'Lj.di) ■ The third cohomology group H 3 (Lj) 
is regarded as the space of the obstructions to deformations. The deformation theory 
of generalized complex structures was already discussed in [12] by the implicit function 
theorem. We will give the different construction of deformations of generalized complex 
structures by using the power series, which is analogous to the one of original Kodaira- 
Spencer theory. Our method yields an estimate of the convergent series which is necessary 
for the construction of generalized Kahler and bihermitian structures. 

Theorem 1.1. // the cohomology group H 3 (Lj) vanishes, then we have a family of 
deformations of generalized complex structures which are parametrized by an open set of 
H 2 (Lj). 

Proof. We solve the equations (11.31) by the induction on the degree of t. We assume 
that there are sections S\,- ■ ■ , G A 2 Lj which satisfy the equations 

l £i + l([e(t),e(t)} s ) [{l = 0, (1.4) 

for all i < k. 

Then we shall show that there is a section which satisfies the equation (II. 3p . The 
Schouten bracket and the Lie algebroid derivative di satisfy the following relations for 
sections £i,£2 £ A'Lj, 

Proposition 1.2. 

h,^]5 = (-i) |£ll|£2l h^i] 

d L [ei,e 2 }s = [d L ei,e 2 ]s + (-l) |ei| [£i> d L e 2 ]s 

(_1)M N [ [ £l) £2 ] ; £3 ] + (_i)NI lil [ [ £2) es]i £l ] + (—1)1-31 w [ [£3) ei ] , ea ] = o 
where we denote by \si\ the degree of Si. 
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The relations in the proposition 11.21 are already known [19] . Note that in our case the 
degree of is even and we have the ordinary Jacobi identity. The k th order term of the 
Schouten bracket [e(t),e(t)]s is given by 

([e(t),e(t)]s) [k] = \\[ £ " £ i]s- ( L5 ) 

i+j=k 
0<i,j<k 

Then substituting (11.41) into ( 11. 5ft and applying the proposition II. 2[ we have 

d L ([e(t),e(t)] s ) [h] = 7\T\ dL l £ " £ ^s ( L6 ) 

i+j=k 
0<i,j<k 

= 2 E l^ dL£ - £ ^s (1-7) 

i+j=k 
0<i,j<k 

l+m+j=k 
0<l,m,j<k 

Hence ([e(t), £(t)]s)r k ] £ A 2 Lj- is c^-closed which is a representative of the cohomology 
class in H 3 (Lj). Since we assume that H 3 (Lj) vanishes, we have a solution e k of the 
equation (11.31) . We use a Riemannian metric on X to construct e k by using the formal 
adjoint operator d* L and the Green operator Gl of the elliptic complex (A'Lj,di) 

L £k = -ldtG L ([e(t),e(t)} s ) [k] (1.9) 

In fact, it follows from the Hodge decomposition theorem that e k satisfies the equation 
(11.31) . Thus we obtain the solution e(t) of the Maurer-Cartan equation as a formal power 
series. In order to show the power series e(t) is a convergent series which is further a 
smooth solution, we apply the standard method due to Kodaira-Spencer. Let P(t) = 
Ylk Pkt k be a power series in t whose coefficients are sections of a vector bundle with a 
metric. We denote by ||Pfe|| s the Sobolev norm of the section P k which is given by the 
sum of the L 2 -norms of i th derivative of P k for all i < s, where s is a positive integer 
with s > 2n + 1. We put ||P(t)|| 3 = J2k \\Pk\\st k - Given two power series P(t),Q(t), if 
ll-ffell < HQfell f° r an k, then we denote it by 

P{t) « Q(t). 

For a positive integer k, if ||Pj|| < \\Qi\\ for alH < k, we write it by 

P{t) « Q(t). 
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We also use the following notation. If Pi = Qi for all % < k, we write it by 

P(t) = Q(t). (1.10) 

k 

Let M(t) be a convergent power series defined by 

for a positive constant c, which is determined later suitably. The key point is the following 
inequality, 

M(tf « -M(t) (1.12) 

c 

We put A = c _1 . Then we also have 

« I e A M(t). (1.13) 
A 

We assume that our power series e(t) satisfies the inequality for an integer k > 1, 

\\e(t)\\ s<<M(t) (1.14) 

k — 1 

We apply the standard estimate of elliptic differential operators to obtain an estimate of 
the solution S[ k } in ( 11.91) . 

l\\e k \\ s <C 1 \\([e(t),e(t)] s ) [k] \\ s _ 1 = £ ~C X \\ [e h Sj}^ (1.15) 

i+j=k 
0<i,j<k 

<2d Yl ^ii £i ii s ii^ii s = 2C ' 1 Yl MiM i ( L16 ) 

x.j. 

i+j=k i+j=k 
0<i,j<k 0<i,j<k 

<2d\M k (1.17) 

Hence if we choose a constant A with C\\ < 1, then it follows that rf||£fe|| s < M k . It 
implies that e(t) is a convergent series. From our construction, the series e(t) satisfies 

e(t)=e l t-^d* L G L [e(t),e(t)} s (1.18) 

Since H 3 (A'Lj) = {0}, we have a differential equation 

A L e(t) + ~dl[e(t),£(t)] s = 0, 

which is elliptic for sufficiently small e(t). Thus it follows that e(t) is a smooth solution. 

□ 
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In the appendix, we further construct the Kuranishi family of deformations of gener- 
alized complex structures which gives the space of deformations even in the cases where 
the obstruction space H 3 (A'Lj) does not vanish. 

We denote by CL the Clifford algebra bundle of T © T* on a manifold X which admits 
nitrations of even degree and odd degree, 

CL 1 C CL 3 C CL 5 C • • • 
CL° C CL 2 C CL 4 C • • • , 

where CL° = T © T* and CL 2 denotes the the subbundle of CL which consists of elements 
of degree 2 or 0, (for simplicity, we call CL the Clifford algebra of T © T* .) Let J" be a 
generalized complex structure on X which gives the decomposition, 



(T © T* 



We denote by A p Lj the bundle of the p th skew symmetric tensor of Lj. Let Uj n 
be the line bundle of (X, J) which consists of non-degenerate, complex pure spinors 
corresponding to J . We call Uj n the canonical line bundle Kj of J . There is the action 
of T © T* on differential forms A*T* by the interior product and the exterior product 
which induces the spin representation of the Clifford algebra CL on A*T*. By the action 
of A p Lj on Kj, we have the vector bundles, 

Jj-n+p ._ h vJ jJ . Kj 
Then the differential forms A'T* on X are decomposed into 

2n 

A'T* = U~ n+P 

We denote by TCjj-n+p the projection to the bundle ]j~ n+p . The set of almost generalized 
complex structures forms the orbit of the (real) Clifford group of the Clifford algebra CL 
of T © T* which acts on J by the adjoint action. The Lie algebra of the Clifford group 
is the subalgebra CL 2 . Small deformations of almost generalized complex structures {J7j} 
are given in terms of the adjoint action, 

Jt := Ad e o(t) J", 

where a(t) = a±t + ^a 2 t 2 + • • • is a CL 2 -valued power series in t. 

In order to obtain deformations of generalized Kahler structures, we need to consider 
a section a(t) of the bundle CL 2 (T © T*). 

it is crucial that the set of almost generalized Kahler structures just forms an orbit 
of the action of the real Clifford group and deformations of almost generalized Kahler 
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structures are not given by the action of the complex Clifford group. The following 
lemma is necessary for the construction of generalized Kahler structures, which is already 
proved in [TO] . 

Lemma 1.3. For small deformations of almost generalized complex structures given 
by Jt '■= Ad e e(t) Jo as before, there exists a unique family of sections a(t) of real Clifford 
bundle CL 2 such that 

Jt — Ad e a(t)j7o, 

and a(t) is in the real part of A 2 Lj © A 2 Lj. Conversely, If we have a family of de- 
formations of almost generalized complex structure J t = Ad e a(t)j7o which is given by the 
action of a section a(t) G CL 2 , then there exists a unique section e(t) G A 2 Lj such that 
Jt = Ad ee (t)j7o. 

We consider the operator e~ a ^' o d o e a ^ acting on Kj = U~ n . Then as discussed in 
[9], the operator e~ a ^ orfo e a ^ is a Clifford-Lie operator of order 3 whose image is in 

U-n+l jj-n+Z _ 

It is shown in |10] that the almost generalized complex structure J t = Ad e a(t)J is 
integrable if and only if the projection to the component U~ n+3 vanishes, that is, 

nu-n + 3e- a{t) odoe a(t) = 

We denote by (71^/^+3 e~ a ^ o do e a ^)^ the k th term of 7r;y-n+3e~ a( *) o d o e a ^. Let Jj 
be the generalized complex structure on X defined by a ordinary complex structure J. 
We put M = (X, J). Then as in [10] and [IT] , the obstruction space to deformations of 
Jj is given by © p+9=3 if p (M, A q Q). In this case, the canonical line bundle is the ordinary 
one Kj which consists of complex forms of type (n, 0). Thus by the theorem 11.11 and the 
lemma 11.31 we have the following, 

Proposition 1.4. Let M = (X, J) be a compact Kahler manifold with a Kahler form 
uj. We assume that the cohomology groups ® p + q =? J H p (M, A 9 6) vanish. If there is a set of 
sections a±, • ■ ■ ak-i of CL 2 which satisfies 

(i ru - n+3 e- a{t) de a(t) ) H = 0, for all i < k, (1.19) 

and ||a(t)|| s <K CiM(t), then there is a section of CL 2 which satisfies the followings: 

k— 1 

(e" a W de a{t) ) [k] = 

and ||a(t)|| s « C\M{t), where a{t) = Y^7LiT\ a i^ an d M{t) is the convergent series in 

k ' ' 

Al.lfy) and C\ is a positive constant. 
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Proof. We use the notation as in (11.101) . The equation (j 1.19ft is equivalent to say 
that there is a section E(t) G T © T* such that , 

e -a(t) de a(t) . ^ = £^ . ^ ( L2Q ) 
fe— 1 

for all G i^j. By the left action of e a ^ on both sides of the equation (11.201) . we have 

de a{t) ■ <p = e a(t) E(t) ■ 0. 

k—l 

We put E(t) = e a{ t ] E(t)e- a{t) . Then it follows that 

de a(t) ■ = E{t) ■ e a{t) (j). (1.21) 
fe— l 

From the lemma fl~3| we have e(t) G A 2 Lj such that 



e £{t) ■ = e a{t) • 0. (1.22) 
fe— i 



Substituting (021) into (OB . we obtain 

de £{t) -0 = E(t)-e £{t U- (1-23) 

k—l 

By the right action of e~ e ^- ) on ( 11.23ft again, we have 



e~ £ 



^de £(t) ■ = e~ £ ^E{t) ■ e £{t) (p = E(t) ■ 0, (1.24) 

k—l k—l 



where E(t) = e- £{t) E(t) ■ e e{t) . Thus as in [10], the equation (ll.24ft is equivalent to the 
Maurer-Cartan equation, 

dLe(t) + ±[e(t),e(t)]s fc = 0. 
Then as is shown in the theorem 11.11 there is a section such that 

d L E(t) + ~[s(t),e(t)} s = 0. 
We define by = + . Then it follows that 

Hence we have (ir u -v^e' a ^ cfe a(t) ) [fc] = and ||a(t)||„ « CiM(t). □ 
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2 Deformations of generalized Kahler structures 



Let (X, J, uj) be a compact Kahler manifold and (J ', J^) the generalized Kahler struc- 
ture induced from (J, a;) by J = Jj and i/j = e^~^ u . Since two generalized complex 
structures J and are commutative, the generalized Kahler structure (J~, J^) gives the 
simultaneous decomposition of (T © T*) c , 

where Lj © Lj is the eigenspace with eigenvalue with respect to J and Lj- @ Lj 
is the eigenspace with eigenvalue a/— 1 with respect to and Lj- denotes the complex 
conjugate. In [101 fTT) . the author showed the stability theorem of generalized Kahler 
structures with one pure spinor, which implies that if there is a one dimensional analytic 
deformations of generalized complex structures {Jt} parametrized by t, then there exists 
a family of non-degenerate, (i-closed pure spinor ijjt such that the family of pairs (Jt,ipt) 
becomes deformations of generalized Kahler structures starting from (J,ip) = (Jo,i{jo)- 
As in section 2, small deformations J t can be written by the adjoint action of a(t) in CL 2 , 

Jt '■= Ad e a(t)^To- 

Then we can obtain a family of real sections b(t) of the bundle {Lj o ■ L^ o © Lj Q ■ Lj o ) 
such that ip t — e a ^e b ^tpo is the family of non-degenerate, (i-closed pure spinor ijj t . The 
bundle K l = U°~ n+2 is generated by the action of real sections of [Lj o ■ L Jo © L Jo ■ Lj Q ) 
on ip (see page 125 in [H] for more detail). 
We define Z(t) by 

e Z(t) _ e a(t) e b(t) _ 

Since Ad^^Jo = J , we obtain J t = Ad^Jo = Ad e a(t) Ad^Jo — Ad^^Jo- Then the 
family of deformations of generalized Kahler structures is given by the action of e z ^\ 

(Jt, A) = (Ad e z W Jo, e m -^). 

By the similar method as in [TT] together with the proposition II .41 we obtain the following 
proposition, 

Proposition 2.1. Let (X,J,u) be a compact Kahler manifold. We assume that the 
cohomology groups @ p + q =zH p (X 1 A 9 0) vanish. If there is a set of sections a\, ■ ■ • ak-i of 
CL 2 which satisfies 

( e - a{t) de a{t) ) = 0, for all % < k, 
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and ||a(£)|| s « K\M(t) for a positive constant K\, then there is a set of real sections 

k—1 

, b k of the bundle (Lj o ■ Lj Q © L Jo ■ Lj ) which satisfies the following equations: 

tt^ (e"*® de*<% = (2.1) 
{de z{t) ■ ipo) = 0, for alU < k (2.2) 
\\a(t)\\ s « Kx\M{t) (2.3) 

k 

\\b(t)\\ s «K 2 M(t) (2.4) 

k 

where a k is the section constructed in the proposition \l-4\ and e z ^ = e a ^ and M{t) 
is the convergent series in U.12\) and a positive constant K 2 is determined by A and K\. 
The constant X in M{t) will be suitably selected to show the convergence of the power 
series Z(t) in section 6. 



3 Deformations of bihermitian structures 

We use the same notation as in pervious sections. There is a one to one correspondence 
between generalized Kahler structures and bihermitian structures with the condition (10.11) . 
In this section we shall give an explicit description of Tf which givens rise to bihermi- 
tian structure (J t + , Jf) corresponding to deformations (J' t ,4't)- The correspondence is 
defined at each point on a manifold, that is, the correspondence between tensor fields 
which allows us to obtain almost bihermitian structures from almost generalized Kahler 
structures. The non-degenerate, pure spinor ip t induces the generalized complex structure 
J^ t . Since (Jt, J^ t ) is a generalized Kahler structure and J t commutes with J7^ t , we have 
the simultaneous decomposition of (T © T*) c into four eigenspaces, 

(T © T*) c = L^j t © L Jt © lAj t © L Jt , 

where each eigenspace is given by the intersection of eigenspaces of both J t and J^ t , 

L Jt = Lj t H L^ t , L J t = L Jt n L i>t 
Lj t = Lj t n L^ t , L Jt = L Jt n L^ t , 

where L j t is the eigenspace of J t with eigenvalue \f^-i and L^ t denotes the eigenspace of 
J^ t with eigenvalue v^-T. Since J t = Ad^^Jo = e z ^ Jq e~ z ^ and J^ t = Ad e z{t)J w , we 
have the isomorphism between eigenspaces, 

Ad e z (t) : Lj (j L%. 

Let 7r be the projection from T © T* to the tangent bundle T. We restrict the map n to 
the eigenspace Lj q which yields the map nf : Lj t — > T c . Let T ± be the complex tangent 
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space of type (1,0) with respect to Jf. Then it follows that T l ± is given by the image of 
± 

Since deformations of generalized Kahler structures are given by the action of e z ^\ the 
ones of bihermitian structures jf should be described by the action of Tf gGL(T) which 
is obtained from Z(t). We shall describe Tf in terms of a(t) and b(t). A local basis of 

{Ad e± ^r^ = Vi± Vi\ }™=i, 

for a local basis {V^}™ =1 of Tj' , where we regard uj as an element of the Clifford algebra 
and then the bracket [a;, V$] coincides with the interior product iyxo. It follows that the 
inverse map (tiq )^ 1 '■ 7 1 ]' — > Lj is given by the adjoint action of e ± ^~^ w , 

Ad e± ^ = (4)- 1 . (3.1) 

We define a map (L^) 1,0 : Tj'° — > T l ± by the composition, 

(rf) 1 ' ^ oAd^o^t 1 (3.2) 
=7r o Ad e z (t ) o Ad e±v ^ (3.3) 



Ad 



Z(t) 



<7t 



T 



1,0 



(Tf) 



±11,0 



1,0 



Together with the complex conjugate (Lf ) 



±\o,i . t>0,1 



T°±, we obtain the map T 



± 



which satisfies Jf = (Tf)' 1 o jo rf. 

Let J* be the complex structure on the cotangent space T* which is given by ( J*r/, v) = 
(77, Jv), where r] E T* and v £ T and ( , ) denote the coupling between T and T*. We 
define a map J ± : T © T* -> T © T* by J^u, 77) = v T J*V for v G T and 77 G T*. Then 



L^ is written as 



= 7r o AcLzm 0^0 Ad P ^ . 



(3.4) 



The k th term of Y t is denoted by (r t )\k\ as before. Note that iT t )[ ] =id*r- We also put 
Tf(a(t),b(t)) = T 



± 



LEMMA 3.1. TTie A; £/i term (Lf )[ fc ] is given by 



(L t ) [fc] = o (ad afc + ad 6fc ) o J o Ad e <, + L±(a <fc , 6 <fc ) 



where the second term L fc (a<£, &<&) depends only on a±, ■ ■ ■ , a^i and fei, • • • , 



i- 
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Proof. Substituting the identity Ad e z(t) =id+adz(t) + ^ (adz(*)) 2 + • • • , we have 

Tf =vr o Ad eZ(t) o J± o Ad e ^ (3.5) 
L z(t) oJ^o Ad eW ] (3.6) 



= 7T O 



\i=0 



(3.7) 



Then k-th term is given by 



(If) [k] =n o (ad z(t) o J± o Ad e .) +J2 n ° QrO^M ° J± ° Ad ^) ( 3 - 8 ) 
= -^vr o (ad afc + ad 6 J o J* o Ad e „ + if (a <fc , 6 <fc ), (3.9) 

where if (a<fc, fe<fc) denotes the non-linear term depending ai, - • • , a fc _! and &i, • • • , fefc-i- 

□ 

Lemma 3.2. Let b be a section of the bundle (Lj ■ L^- © Lj ■ Lj). Then we have 

[7i{ad b o J ± o Ad e c), J] = G End(T). 
Proof. Applying A3. If) . for v G T}'°, we obtain 

J" 4 O Ad e ^W = Ad e±v rrT„V = (7rJ) _1 V G Lj. 

Since ad&(Z^-) = [b, Lj] C and vr(L^) = Tj'°, thus we have 7r(ad;,o J* o Ad e <^)v G Tj'°. 
It follows that [7r(ad b o^o Ad e w), J] = 0. □ 

The tensor space T © T* defines a subbundle of CL 2 . We denote it by T ■ T*. An 
element 7 G T ■ T* gives the endmorphism ad 7 by ad 7 i? = [7, E] for E G T © T*, which 
preserves the cotangent bundle T*. 

Lemma 3.3. Let 7 be an element ofT-T*. Then we have 

71 O (ad 7 o J ± o Ad eW ) = ad 7 G End(T). 

Proof. For a tangent vector v G T, we have Ad e ^i> = 1; + [a>, v] = v + ad^v. Since 
the map ad 7 preserves the cotangent T*, we have ad 7 o J ± o ad^(t') G T* for all tangent 
v G T. Thus it follows that 7r(ad 7 0^0 ad^) = 0, since tt is the projection to the tangent 
T. Thus we obtain the result. □ 
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Lemma 3.4. We assume that there is a set of sections ax,-- - , a& G CL 2 and real 
sections bi, ■ ■ ■ , b^ G (Lj ■ -^j © £j- • ^ J ) which satisfies the following equations, 

Tru-n+a (e~ z{t) d e m ) = 0, < V i < k 
{de m -t/jo) = 0, 0<V?</c 
[(r±) H , J] = 0, 0<Vz<fc 



T/ien £/ie fc-t/i term (r^)rw satisfies 

iru-n+3[d, (r t ) [fe ]] = 0, 

where [d, (r^)rw] an operator from U~ n = Kj to U~ n+1 © £/-"+ 3 and 7rj/-ri+3 denotes 
the projection to the component U~ n+3 . 

Proof. Since we assume that the space of the obstructions to deformations of gen- 
eralized complex structures vanishes, we obtain a family of section a(t) with hi = dj for 
i = 1, • • • k such that a(£) gives deformations of generalized complex structures, that is, 

nu-n+se-^de^ = 0. 

The the stability theorem of generalized Kahler structures in [TU\ provides deformations 
of generalized Kahler structures with one pure spinor, (Ad e z Wl 7 , e z (*Vo)> where e z ^ = 
e a(t) e b(t)^ w ;h ere j s a f am ily Q f real sections with bi = bi, for % = l,---k. From 
the correspondence between generalized Kahler structures and bihermitian structures, 
we have the family of bihermitian structures (J t + , Jf) which is given by the action of 
tf := Tf (a(£), b(t)) of GL(T). Since Jf is integrable, we have 

ttu-u+3 ((Tf)- l dtf) = 0. (3.10) 

Let Q be a d-closed form of type (n, 0) which is a local basis of Kj = Kj. Then as in the 
argument of proof of the proposition ll.4[ we have 

drfn = TfE(t)n. 

k 

Since dQ, = 0, the degree of E(t) is greater than or equal to 1. The condition [(Tf W J] = 
(0 < i < k) implies that (Tf) [A E{t)Vt G Uj n+1 . Thus we have 



-n+l 



d(rf) w n= FthE(t) w n e uy 

i+j=k 
0<i,j<k 

Hence we have TTu-n+3[d, (Tf)\ k ]] =0. □ 
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4 Construction of deformations of bihermitian struc- 
tures with = J 

This section and next section are devoted to prove our main theorem 10. 11 We use the 
same notation as before. As we see in the lemma I3~T| (Tf )[&] depends on a±, ■ ■ ■ , a k and 
&i, • • • ,b k . We write Tf (a <k , a k , b <k , b k ) for (Tf ) [k] . 

Let (3 be a holomorphic 2- vector field on a compact Kahler manifold (X, J, to), that is, 
(3 is a section of A 2 6 = A 2 Tj'°. For /?, we shall construct a section a(t) G CL 2 and a real 
section b(t) G (Lj- • © Lj ■ Lj) such that the action of the family of the Clifford group 

e z(t) = e a(t) e b(t) 

on (J', ip) = (j7o, tpo) gives rise to a family of generalized Kahler structures (Ad e z(t)j7j, e z< -*V) 
which satisfies the following three conditions: 

Jt := Ad e z(t)j7j are integrable generalized complex structures (4.1) 
dipt ■= de m i> = (4.2) 
J+ = J, (4.3) 

where (J t + , J t ~) denote the corresponding bihermitian structures. It follows from (14.11) . 
(14. 2 p that (Jt-, ipt) are generalized Kahler structures with one pure spinor which give rise to 
deformations of bihermitian structures preserving Jf~ from (14.31) . Let Kj be the canonical 
line bundle on (X, J) which consists on holomorphic n-forms. The action CL 1 on Kj 
provides a bundle CL 1 • Kj. Then as before, the condition (14. ip is equivalent to the 
followings, 

e -z(t) d e z{t) . Rj c CL i . 

This implies that the e~ z ^ d e z ^ ■ f2 is written as E-VL for any form VL of type (n, 0), where 
E G CL 1 = T©T*. As we see in the previous section, the condition (14.31) is equivalent to 
[Tt(a(t),b(t)), J] = 0. We denote by (e~ z ^ d e z ^) the z-th term of (e~ z ^de z ^) on 
t and also write i-th terms of dif) t and by (g^)^ and (r^)^ respectively. Then the 
three equations (I4.ip . p~2l and (14. 3 p are reduced to the following system of equations, 

(e~ m d e m ) ■ Kj C CL 1 ■ Kj, < for all i < k (4.5) 
(d^) M := (de z{t) ip) {i] = 0, < for alH < k (4.6) 
[(r+(o(t),6(t))) w , J] = 0, 0<foralU<fc (4.7) 

We shall construct a solution of the system of the equations by the induction on degree 
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k of t. In the first case k = 1, three equations are given by 

(e- z ® de z ®) {1] ■ Kj = [d, a,} ■ Kj C CL 1 • Kj 
(#t)[i] = d ( a i + h) -ip = 

[ (r+( fll , fei)) [1]5 J] = o 

At first we put ai = (3 + (3, where /3 denotes the complex conjugate of Since (3 is 
holomorphic, it follows that [d, &i] • i*0 C CL • iTj. Then from the proposition 12. 1[ we 
have a real section b\ G (L^ ■ Lj © • Lj) with d(ax + hi) ■ ifi = 0. Then r^(ai, Si) is 
given by 

r*(di, Si) = 7r o (ada! + adg ) o J* o Ad e ^. 
Then we define 71 G T • T* by 



ad 7l = - (r+(ai, Si)) ^ G End(T). (4.£ 



[i] 

It follows from the lemma 13741 that 71 satisfies [d, 71] • l£j C CL 1 ■ fG? where we identify 
End(T) with T-T*. We define % by 

ai = &i + 7i. (4.9) 

Then we have 

(e- z ®de z % 1} ■ Kj =[d, • Kj (4.10) 
= ([d, ai] + [d, 71]) • #j C CL 1 • Kj (4.11) 

From the proposition 12. 1[ we also have a real section b\ G (L^- • © Lj ■ Lj) with 
d(ai + 61) -^0 = 0. Applying the lemma [341 and substituting a\ and 61 into (r^)^,, we 
have 

(rf (01, 6i))[i] =tt o (ad ai + ad 6l ) o J+ o Ad e „ (4.12) 
=7r o (ada 1 + ad 7l + adg + ad 6 g ) o J + o Ad e ^ (4-13) 

Applying the lemma [3731 to 71 and using (14. 8p . we obtain 

(r+(ai, &i))[i] =ad 7l + vr o (ad*, + ad gi ) o]+o Ad e . (4.14) 

+7r o ad 6i _g i o J + o Ad e - (4.15) 

=ad 7l + r^"(oi, Si) + tv o ad 6 g o J + o Ad e ^ (4.16) 

=-k o &d h _- bi o j + o Ad e ^ (4.17) 

Since 61 — Si G (L^- ■ © • Lj), it follows from the lemma [3721 that 

[(r+(ai, &!))[!], J] =0. 
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Hence a\ and b\ as above satisfies the three equations for k = 1. 

We assume that there is a set of real sections ai, • • • , a^-i G CL 2 and &i, • • • , b k _i G 
(Lj ■ © • Lj) which satisfies the system of equations: 

{e~ z{t) de 2 ^)^- Kj dC\} ■ K J: < for alH < k - 1 (4.18) 

(d^) M : = (de z(i V)w = 0, < for alH < k - 1 (4.19) 

[(Tt(a(t),b(t)))^, J] = 0, 0<foralli<fc-l (4.20) 

The A;-th term [e~ z ® de z ^ „. ■ Kj is decomposed into the linear term -^ {d, a k ) ■ Kj and 
the nonlinear term Ob k (a <k , b <k ) • iO which is called the term of the obstruction, 

(e-*® d e z(t ^ ■ Kj = l[d, a ft ] ■ Kj + Ob J k (a <k , b <k ) ■ Kj. 

We also have the decomposition of the fc-th term ( de z< ^ip ) , 

V / [k] 

(de^ty) = yd(a k + b k )ij + Obt°{a <k , b <k ) 

From the proposition 12. 11 we have the sections d k and b k G (Lj ■ Lj © • Lj) which 
satisfies 

(j^[d,a h ] + Ob J k (a <kl b <k )^j ■ Kj c CL 1 • JO, (4.21) 

^d(a fc + h)i{j + Obf(a <k , b <k ) = (4.22) 
Then from the lemma [37TI Ff(a <k , a k , b <k , b k ) is given by 

T+(a <fc , a k , b <k , b k ) =no (ada fc + adgj o J + o Ad e - + f^(a <k , b <k ). 
Then we define j k G T • T* by using and 

ad 7fc = - ( r f + (a <fc , d k , b <k ,b k ) ) . (4.23) 
\ / [k] 

It follows from the lemma |3~41 that we have [d, 7&] • iO C CL 1 • iTj. We define by 

afc = a fc + 7 fc . (4.24) 

Then we have 

(e- z ^de z ^) [k] ■ Kj = (i[d, a k ] + Ob J k (a <k , b<Sj ■ Kj (4.25) 

^K7fc] + ^[d,o fc ] + Ob^(a <fc ,fc <fc )) ■ tf, C CL 1 • ifj, (4.26) 
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where e z ^ = e a ^> e b<yt \ We apply the proposition 12.11 again to obtain a real section 
b k € (Lj ■ Lj © Lj ■ Lj) which satisfies [de z ® ■ ip) ^ = 0. Then from the lemma [3TT1 and 
0121, (r+(a(t),6(t))) [fc] is given by 

fc!(r+(a(t),6(t))) [fc] =7r(ad aft + ad 6 Jo J* o Ad e . + fc!(T±)(a <fc , b <k ) (4.27) 

=tt (ad a , + ad 7fc + ad fefc ) o J* o Ad e . + k\(T±)(a <k , b <k ) (4.28) 

(4.29) 

Applying lemma [3731 to j k and using (I4.23p . we obtain 

k\ (r+(a(t),6(t))) [fc] =ad 7fe + 7T (ada fe + ad g J o J* o Ad e . (4.30) 

+fc!(rfj(a <& , fe <fc ) + 7T (ad 6fc _ s J o J+ o Ad e . (4.31) 
=ad 7fe + T + (a <k , a k , b <k , b k ) [k] + it (ad 6fc _gj oj+o Ad e - (4.32) 
=^(ad M Joj+oAd e . (4.33) 

Since b k — b k G (L^ • © ■ it follows from the lemma [3721 that 

[(r+(o(t),6(t))) w , j] = o. 

Hence the set of sections a k , b k together with a <k ,b <k satisfies three equations (14.51) . 
(14. 6p and (14. 7p . Thus from our assumption of the induction, we successively solve the 
equations to obtain a set of sections a(t) and b(t) which satisfies three equations (14.51) . 
(14. 6 p and (14.71) for all k. The solution (a(t), b(t)) is given in the form of a formal power 
series in t. Next section we shall show that both a(t) and b(t) are convergent series which 
are smooth. 



Our construction is well explained by the following figure, 

k = 1 k = 2 



01 = p + /3 


a x :- ax +71 




a 2 




a 2 :— a 2 + 7 2 




b 


/ b 


1 




b 


2 




b 


2 


7i = -(r t + (ai,&i))[i] 


{rt(ax,bx))[x] 


72 = -(r t + (ai,a 2 ,6i,6 2 ))[2] 


r+(a(t),b(t)h] 



Figure 1 



21 



5 The convergence 

As in the proposition 12 .![ if there is a set of sections ai, • • • a k ^\ of CL 2 which satisfies 

vr^-n+s (e" a(i) de a(t) ) =0, for all % < k, 

and \\a(t) \\ s « k -i KiM(t), then there is a set of real sections bi, ■ • ■ , b k G (L^ • @Lj- 
Lj) which satisfy the following equations: 

tt^+s (e^W% = (5.1) 

{de m ■ ipo) w = 0, for alH < (5.2) 

||a fc || s < i^iAA^fc (5.3) 

\\b k \\ s <K 2 M k (5.4) 

where is the section in the proposition 11.41 and M(t) is the convergent series in (11.121) 
with a constant A and K\ is a positive constant and a positive constant K 2 is determined 
by A, K\. We also have an estimate of e z ^ = e a ^e b ^ in [10J, 



||Z(t)|| « fc M(t). 

Then j k in (14.231) satisfies 

Il7fe||s <ll r fe {a<k,a k ,b <k ,b k )\\ s (5.5) 
<2||ajfe|| s + 2||&fc|| s + ||r^(a< fe , b<k)|| a (5.6) 

Recall that = ix ^Ad e z<t) o J + o Ad^j. Then we have an estimate of the non-linear 
term ||r£(a<k, b <k ) \\ s 

||f?(a< fc ,6 <fc )|| s < C\\(e z V - Z(t) - l) [k] \\ s , 

where C denotes a constant. It follows from fl!.13j) that || (e z(<) - Z(t) - l) [Jfe ] || s < C(X)M k , 
where C(A) satisfies lim^o C(A) = 0. Thus we have 

With < 2\\a k \\ s + 2||S fc || a + C{X)M k < 2XK 1 M k + K 2 M k + C{X)M k 

We take A and K 2 sufficiently small such that 3XK 1 M k + K 2 M k + C(X)M k < K x M k . Then 
we obtain 

IK|| S < || a* || 8 + ||7fc|| s < K x M k . 

Thus our solution a(t) satisfies that ||a(t)|| s « k K\M(t) for all k. It implies that a(t) 
is a convergent series. Applying the proposition 12.11 again, we have ||&(t)|| s <k K 2 M(t). 
Hence b(t) is also a convergent series. Thus it follows that Z(t) is a convergent series. 
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Proof, of theorem 10.11 and theorem 0.2. The sections a(t) and b(t) which 
constructed in section 5 give deformations of bihermitian structures (J t + , Jf). We shall 
show that the family of deformations satisfies the condition in the theorem 10. 1[ We already 
have [Tf, J] = which implies that = J. From the lemma EH] and the lemma 13721 the 
1st term of Jf is given by 

[QT)[i]> A = ( 7r ° ( ad a! + ad 7l + adgj o j- o Ad e *), J] 
= [(ad 7l + 7r o ad„ 1 ofo Ad e ^), J] 

Since a\ = (3 + (3, we have 7r o adajr = 0. We also have ad 7l = — T + (ai,bi) and 
[ad 7l , J] = [(tt o ad 7l o J* o ad w ), J]. Thus we obtain 

[(r^)[i], J] = 2[(vr o ad Sl o J* o ado,), J] 

Then we have for a vector i>, 

2(7road ai o J* o aduj)v = — 2[(3 + ]3, [w,Jv]] 

= -2[\j3 + ~j3, uj], Jv] = -2((3-u + ]3-uj)Jv. 

Thus it follows that 4rJf\t=o = [(T^)m, J] = —2(f3 • uj + ft ■ u) and the Kodaira-Spencer 
class of deformations {J^~} is given by the class —2[[3 ■ uj] G H 1 (M.Q). If the Kodaira- 
Spencer class does not vanish, then the deformations {Jf} is not trivial. Thus (X, Jf) is 
not biholomorphic to (X, J) for small t ^ 0. □ 

6 Applications 

6.1 Bihermitian structures on del Pezzo surfaces 

A del Pezzo surface is by definition a smooth algebraic surface with ample anti-canonical 
line bundle. A classification of del Pezzo surfaces are well known, they are CP 1 x CP 1 
or CP 2 or a surface S n which is the blow-up of CP 2 at n points P%, ■ • • , P n , (0 < n < 8). 
The set of the points E := {Pi, ■ ■ • , P n } must be in general position to yield a del Pezzo 
surface. The following theorem is due to Demazure, jl] (see page 27), which shows the 
meaning of general position, 

Theorem 6.1. The following conditions are equivalent: 

(1) The anti- canonical line bundle of S n is ample 

(2) No three o/E lie on a line, no six o/E lie on a conic and no eight of E lie on a cubic 
with a double point Pi e E 

(3) There is no curve C on S n with —Ks n ■ C < 0. 

(4) There is no curve C with C ■ C = —2 and Ks n ■ C = 0. 



23 



Remark 6.2. If three points lie on a line /, then the strict transform I of I in S3 is 
a (— 2)-curve with K$ 3 -1 = 0. If six points belong to a conic curve C, then the strict 
transform form C of C is again a (— 2)-curve with Kg 6 ■ C = 0. If eight points P\ - • • ,P$ 
lie on a cubic curve with a double point Pi, then the strict transform C of C satisfies 
C* ~ n^C — 2E 1 ! — P 2 — • ■ ■ — E 8 , where Pj is the exceptional curve n' 1 ^). Then we 
also have C 2 = —2 and K Ss ■ C — 0. 

Let D be a smooth anti-canonical divisor of which is given by the zero locus of a 
section (3 G H°(S n , Kg ). Since the anti-canonical bundle K$^ is regarded as the bundle 
of 2-vectors A 2 6 and \J3,0\g = G A 3 © on S n , every section (3 is a holomorphic Poisson 
structure. On S^, we have the followings, 

2n-S (n = 5,6,7,8) 
(n< 5) 

dim ^(S^fT 1 ) = 10 -n 
and 

H l >\S n ) = l+n. 

Further we have H 2 (S n ,&) = {0}, H x (S n ,A 2 Q) = H^S^-KgJ = {0}. Hence 
the obstruction vanishes and we have deformations of generalized complex structures 
parametrized by H°(S n , K^) © H 1 ^, 6). 

In particular, if n > 5, we have deformations of ordinary complex structures on S n 

Proposition 6.3. Let D be a smooth anti- canonical divisor given by the zero locus of 
(3 as above. Then there is a Kaher form uj with the class [[3 ■ u] 7^ G H l (S n , G). 

We also have tf^CP 1 x CP 1 , 0) = and H l (CP l x CP 1 , —K) = 0. 
Thus we can apply our construction to every del Pezzo surface. From the main theorem 
10. II together with the proposition 16. 3[ we have 

Proposition 6.4. Every del Pezzo surface admits deformations of bihermitian struc- 
tures (J, Jf , h t ) with Jq = J which satisfies 

j t J t -\ t=0 = -2(/3-uj + P-u), (6.1) 

for every Kdhler form uj and every holomorphic Poisson structure (3. Further, a del Pezzo 
surface S n (n > 5) admits distinct bihermitian structures (J,J^~,ht), that is, the complex 
manifold (X, Jf) is not biholomorphic to (X, J) for small t 7^ 0. 
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Note that for small t 7^ 0, Jf ^ ±J. We will give a proof of the proposition 16.31 in the 
rest of this subsection. 

Let Nd is the normal bundle to D in S n and i*Ts n the pull back of the tangent bundle 
Ts n of S n by the inclusion i : D — > S n . Then we have the short exact sequence, 

- T D - i*T Sn ^N D ^0 

and we have the long exact sequence 

—>H°(D, T D ) -> H°(D, i*T Sn ) -> H°(D, N D ) ^ H X {D, To) — > • • • 

Since the line bundle iV^ is positive, ^(D, Njj) = {0} and dimif°(.D, iVo) is equal to 
the intersection number D • D = 9 — n by the Riemann-Roch theorem. Since D is an 
elliptic curve, dimif 1 (D, To) = dimH°(D, Tjj) = 1. Hence if follows that 

9-n < dim H°{D,i*T Sn ) < 10 - n. (6.2) 

Let Id be the ideal sheaf of D and 0£> the structure sheaf of D. Then we have the short 
exact sequence 

By the tensor product, we also have 

0^ I D ®T Sn ^T Sn ^i*0 D ®T Sn ^0 (6.3) 
Then from the projection formula we have 

H p (S n ,i*0 D ® T S J m(S n ,%(0 D ® iT s J) ^ H p (D,i*T Sn ), 
for p = 0, 1, 2. From (16.31) . we have the long exact sequence, 

H°(S ni T Sn ) - H°(D,i*T Sn ) - F^Zz? ® T 5 J 4 H^TsJ - - • • (6.4) 
Hence we obtain 

Lemma 6.5. T7ie map j : H 1 (S n ,Xrj (g) Tg n ) — > H (S n , T$ n ) is not the zero map . 

Proof. We have the exact sequence, 

• • • - H°(D,i*T Sn ) - tf^Sn, J c ® r 5 J ^ H^TgJ (6.5) 

From the Serre duality with J D = K 5n , we have H°(S n ,l D <g> T S J = # 2 (S„, fi^J = {0} 
and H 2 (S n ,TD<g)Ts n ) = ^(S^fi 1 ) = 0. From the Riemann-Roch theorem, dim.fl rl (<S f n ,XD<g) 
^Sn) = n + !■ Then it follows from (16. 2p that 

dimH°(D,i*T Sn ) < dmxH\S n a D ® T Sn ) 

Note 10 — n < n + 1 for all n > 5. Hence the map j is non zero. □ 



25 



Remark 6.6. Since n > 5, we have H°(S n ,Ts n ) = {0}. Applying the Serre duality 
with Ks„ = Id-, we have H 2 (S n ,Ts n ) = H°(S n ,Xi) Q 1 ) = 0. From the Riemann-Roch, 
we obtain dim H l (S n , T$ n ) = 2n — 8. 

Let (3 be a non-zero holomorphic Poisson structure S n with the smooth divisor D 
as the zero locus. Then (3 is regarded as a section of To <S> A 2 ©. Thus the section 
(3 G H°(S n: Xn ® A 2 6) gives an identification, 

fi 1 l D ®T Sn . 

Then the identification induces the isomorphism 

P:H\S n ,Sl l )^H l {S m T D ®T Sn ). 

Let j be the map in the lemma [631 Then we have the composite map jo/3 : if 1 (S' n , fi 1 ) — > 
^(Sn, 6) which is given by the class [/3 ■ u] G H 1 ^, T Sn ) for [w] G F 1 ^, ft 1 ). 

Proposition 6.7. 77ie composite map j o /3 : ^(Sn,^ 1 ) — > H 1 (S' n , T Sn ) zs noi i/ie 
zero map. 

Proof. Since the map /3 is an isomorphism, is not zero. It follows from lemma 
16.51 that the map j is non-zero. Hence the composite map j o (3 is non-zero also. □ 

Proof, of lemma 16.31 The set of Kahler class is an open cone in H 1,1 (S n , R) = 
F 2 (S n R). We have the non-zero map j o $ : F 2 (5 n ,C) S fl^S^fi 1 ) -> H^S^Q) 
for each /3 G H°(S n , K^ 1 ) with {/? = 0} = £>. It follows that the kernel j o f3 is a 
closed subspace and the intersection ker(j o 0) n if 2 (S' n ,R) is closed in H 2 (S n , R) whose 
dimension is strictly less than dimif 2 (>S n , R). Thus the complement in the Kahler cone 

{ [u] : Kahler class | j o (3{[uj}) ^ 0} 

is not empty. Thus there is a Kahler form oj such that the class [f3 • u] G i/ 1 (5' n , G) does 
not vanish for n > 5. □ 

We also remark that our proof of the lemma 16.31 still works for degenerate del Pezzo 
surfaces. 

6.2 Vanishing theorems on surfaces 

Let M be a compact complex surface with canonical line bundle Km- We shall give 
some vanishing theorems of the cohomology groups ^{M, —Km) an d H 2 (M,Q) on a 
compact smooth complex surface M, which are the obstruction spaces to deformations of 
generalized complex structures starting from the ordinary one (X, Jj). The following is 
practical to show the vanishing of if 1 (M, —Km)- 
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Proposition 6.8. Let M be a compact complex surface with H 1 (M,O m ) = 0. If 
—K M = m[D] for a irreducible, smooth curve D with positive self -inter section number 
D • D > and a positive integer m, then H l (M, K M ) = for all integer n. 

The proposition is often used in the complex geometry. For completeness, we give a 
proof. 

Proof. Let Id be the ideal sheaf of the curve D. Then we have the short exact 
sequence, — > Id — > Om — ► 3*Od 0, where j : D — > X. Then we have the exact 
sequence, 

H°(M, M ) - H°(M,j*O d ) ^ H\M,I D ) - H l (M, O m ) 

It follows that the coboundary map 5 is a 0-map. Thus from H 1 (M,Om) = 0, we 
have H l (M,I D ) = H l (M, —[D]) = 0. We use the induction on k. We assume that 
H l (M,I D ) = H l (M , —k\D]) = for a positive integer fc. The short exact sequence 
— > — > — >■ j*(9_d ® — > induces the exact sequence, 

H°(M, UOd ® /£) - H l (M, I k D +1 ) - ^(M, /*). 

By the projection formula, we have H (M,j*O D <S> I D ) — H°(D, —k[D]\ D ). Since D ■ 
D > 0, it follows that the line bundle —k[D]\ D is negative and then H°(D, —k[D]\ D ) = 
H°(M,I D ) = 0. It implies that H\M,I^ X ) = H\M, —(k + 1)[D\) = 0. Thus by the 
induction, we have if 1 (M, —nD) = for all positive integer n. Applying the Serre duality, 
we have H\M, -nD) = H l {M, (n - m)D) = 0. Thus H\M,nD) = for all integer n. 
Then the result follows since H\M, K n ) = H\M, -(nm)D) =0. □ 

The author also refer to the standard vanishing theorem. If D = ^ aj.Dj is a Q-divisor 
on M, where Di is a prime divisor and a« e Q. Let [a«] be the round-up of a» and 
the round-down of a». Then the fractional part {oj} is aj — [a^J . Then the round-up and 
the round-down of D is defined by 

and {D} = X^{ a «}A * s the fractional part of D. A divisor D is nef if one has D ■ C > 
for any curve C. A divisor D is nef and big if in addition, one has D 2 > 0. We shall use 
the following vanishing theorem. The two dimensional case is due to Miyaoka and the 
higher dimensional cases are due to Kawamata and Viehweg 

Theorem 6.9. Let M be a smooth projective surface and D a Q-divisor on M such 
that 

(1) supp{D} is a divisor with normal crossings, 

(2) D is nef and big. 

Then H\M, K M + \D~\ ) = for alli>0. 
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If —Km = rnD is nef and big divisor where D is smooth for m > 0. Then applying 
the theorem, we have 

H\M, -K M ) = W(M, K M - 2K M ) = 0, 

for all i > 0. 

Next we consider the vanishing of the cohomology group H 2 (M, 0). Applying the Serre 
duality theorem, we have 

H 2 (M, 0) ^ H°(M, VI 1 <g> K M ) 

If —Km is an effective divisor [D], then Km is given by the ideal sheaf Id of D. The short 
exact sequence: — > fi 1 <8> Id — ► —> <8> — > gives us the injective map, 

-> H°(M, tt l ® K M ) -> #°(M, fi 1 ). 

Hence we have 

Proposition 6.10. if M is a smooth surface with effective anti- canonical divisor 
satisfying H°(M, fl 1 ) = 0, then we have the vanishing H 2 (M, 0) = 0. 

6.3 Non-vanishing theorem 

Proposition 6.11. Let M be a Kdhler surface with a Kahler form ui and a non-zero 
Poisson structure (3 G H°(M, A 2 0). Let D be the divisor defined by the section (3. If 
there is a curve C of M with C fl supp D = 0, then the class \J3 ■ u] G i/ 1 (M, 0) does not 
vanish. 

Proof. Since (3 is not zero on the complement M\D, there is a holomorphic sym- 
plectic form f3 on the complement. The symplectic form (3 gives the isomorphism = fl 1 
on M\D which induces the isomorphism between cohomology groups H 1 (M\D,&) = 
H l (M\D , Q 1 ) . Then the restricted class [j3 ■ u>]\m\d corresponds to the Kahler class 
[w]|m\d £ H l (M\D, Q 1 ) = H 1,1 (M\D) under the isomorphism. Since there is the curve 
C on the complement M\D and u is a Kahler form, the class [ui\c\ G H 1,l (C) does not 
vanish. Then it follows that the class [o;]|m\d £ H 1 (M\D, Q 1 ) does not vanish. It implies 
that [/3-o;]]m\d does not vanish also. Thus we have that the class [/3-u] G i^ 1 (M, 0) does 
not vanish. □ 

6.4 Deformations of bihermitian structures on the Hirtzebruch 
surfaces and F3 

Let F 2 be the projective space bundle of T*CP l © O cp i, 

F 2 = P^CP 1 ©C CP i). 
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We denote by E + and E~ the sections of F2 with positive and negative self-intersection 
numbers respectively. An anti-canonical divisor of F 2 is given by 2E + , while the section 
E~ with E~ ■ E~ = —2 is the curve which satisfies E + n E~ = 0. Thus we have the 
non- vanishing class [/3 • u] G H 1 (F2, 0), where (3 is a section of — K with the divisor 2i? + . 
(Note that the canonical holomorphic symplectic form (3 on the cotangent bundle T*CP X 
which induces the holomorphic Poisson structure ft. The structure (3 can be extended to 
F2 which gives the anti-canonical divisor 2[P + ].) 

Proposition 6.12. The class \J3 ■ u] e H l (F 2 ,Q) does not vanish for every Kahler 
form uj on F 2 . 

Proof. The result follows from the proposition 16.111 □ 

On the surface F 2 , the anti-canonical line bundle of F 2 is 2E + and H l (F 2 , Of 2 ) = 0. 
Hence from the proposition I6.8[ we have the vanishing H t (F 2 , —Kx) = {0} for all % > 
0. Since the surface F 2 is simply connected, it follows from the proposition 16.101 that 
H 2 (F 2 , 0) = 0. Hence the obstruction vanishes and we can apply our main theorem . It 
is known that every non-trivial small deformation of F 2 is CP 1 x CP 1 . Thus we have 

Proposition 6.13. Let (X, J) be the Hirtzebruch surface F 2 as above. Then there is 
a family of deformations of bihermitian structures (J t + , J t ~, h t ) with = Jq = J such 
that (X, Jf) is CP 1 x CP 1 for small t ^ 0. 

Let F e be the projective space bundle F(0 © 0(—e)) over CP 1 with e > 0. There is 
a section b with b 2 = — e, which is unique if e > 0. Let / be a fibre of F e . Then — K is 
given by 26 + (e + 2)f, which is an effective divisor. Thus from the proposition I6.10[ we 
have H 2 (F e , 0) = {0}. P_i(P e ) = dim#°(P e , if" 1 ) is listed in the table 7.1.1 of j23], 



P-\F e 



9 e = 0, 1 
9 e = 2 
e + 6 e > 3 



Since K is given by the ideal sheaf Id for the effective divisor D = 2b + (e + 2)f, It 
follows from the Serre duality that H 2 (F e , K^ 1 ) = H°(F e , I D ) = {0}. Thus applying the 
Riemann-Roch theorem, we obtain 

dim H\F e ,K~ l ) = e-3, 

for e > 3. In the case e = 3, we have H l (F^, K^ 1 ) = H 2 (F^,Q) = {0}. Thus from the 
theorem l0.ll we have 
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Proposition 6.14. The Hirtzebruch surface P3 admits deformations of bihermitian 
structures (J, Jf , h t ) with Jf ^ ±J for small t 7^ 0. 

We can generalized our discussion of P 2 to the projective space bundle of T*M © Cl- 
over a compact Kahler manifold M. Then we also have the Poisson structure and as 
in the proposition 16.111 it is shown that the class [f3 ■ u>] does not vanish. Thus we have 
the deformations of bihermitian structures from the stability theorem [XT]. For the ones 
as in the theorem 10.11 we need to show the vanishing of the obstruction. Note that the 
obstruction space does not vanish in general. 

If M is a Riemannian surface S g of genus g > 1, then the projective space bundle is 
called a ruled surface of degree g. it is known that small deformations of any ruled surface 
of degree g > 1 remain to be ruled surfaces of the same degree. Applying the stability 
theorem, we have 

Proposition 6.15. Let (X, J) be a ruled surface P(T*£ 9 © Sg ) with degree g > 1. 
Then there is a family of non-trivial bihermitian structures (J f + , J t ~ , h t ) such that J 7^ ±Jt 
and (X, jf) is a ruled surface for small t. 

6.5 Bihermitian structures on degenerate del Pezzo surfaces 

We shall consider the blow-up of CP 2 at r points which are not in general position. We 
follow the construction as in [I], (see page 36). We have a finite set £ = {xi, • • • , x r } and 
X(E) obtained by successive blowing up at S, 

X(E) -> X(E r _0 -> ► X(Sx) -> CP 2 , 

At first X(Si) is the blow-up of CP 2 at a point x\ G CP 2 and we have Ej = {xi, ■ • • , 
and A(Ej + i) is the blow-up of at G X(Ej). Let Pj be the divisor given by 

the inverse image of x« G X(£j_i). If T is an effective divisor on CP 2 , one notes that 
mult(xj,r) the multiplicity of X{ on the proper transform of T in X(T li _i), and one says 
that T passes through Xi if mult(xj, T) > 0. Define E±, • • • , E r by recurrence as follows, 
On X(Si), one put E\ = E\ \ on X(S2), Pi is a proper transform of the previous E\ 
and one also put E 2 = E 2 ; on A(S 3 ), E\ and P2 are the proper transform of previous 
Ei and E 2 respectively and P3 = E 3 . Then Ei, ■ ■ ■ ,E r are irreducible components of 
Ei + ■ ■ • + E r . 

We assume that the following condition on E, 

(*) For each i = 1, ■ ■ • , r, a point Xi G does not belong to a irreducible curve Pj 

with self- intersection number —2 for 1 < j < i — 1. 
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If a point Xi G X(Ej_i) belongs to a irreducible curve Ej with self-intersection num- 
ber —2, then the proper transform of Ej becomes a curve with self- intersection number 
—3. If there is a rational curve with self-intersection number —3 or less, the anti-canonical 
divisor of X(Y0) is not nef. 

Definition 6.16. A set of points S is in almost general position if S satisfies the 
following: 

(1) S satisfies the condition (*) 

(2) No line passes through 4 points of S 

(3) No conic passes through 7 points of E 

We call X(E) a degenerate del Pezzo surface if X is in almost general position. Note 
that if £ is in general position, £ is in almost general position. In [I], the following 
theorem was shown, 

Theorem 6.17. [4] The following conditions are equivalent: 

(1) £ is in almost general position 

(2) The anti- canonical class of X(Y0) contains a smooth and irreducible curve D. 

(3) There is a smooth curve of CP 2 passing all points o/E. 

(4) H^XffltKZp)) = {0} for all integer n 

(5) —Kx s ■ C > for all effective curve C on X(Y0) and in adition, if — fCx(s) • C = 0, 
then C-C=-2. 

Then from (2) there is a smooth anti-canonical divisor on a degenerate del Pezzo 
surface and we have H l (X(E), Ox) = 0. Hence from the proposition 16. 8[ we have the 
vanishing —Kx) = 0, for all % > 0. A degenerate del Pezzo surface X(E) satisfies 

J ?/ (X(S),fi 1 ) = 0. Then it follows from the proposition EM that # 2 (X(£),6) = 0. 

Let X(E) be a degenerate del Pezzo surface which is not a del Pezzo surface, that is, 
the anti-canonical class of A(S) is not ample. Then from (5), there is a (— 2)-curve C 
with Kxvs)- • C = 0. Then it follows that C is a CP 1 . Thus we contract (— 2)-curves on 
a degenerate del Pezzo to obtain a complex surface with rational double points, which is 
called the Gorenstein log del Pezzo surface. Let (3 be a section of — Kx with the smooth 
divisor D as the zero set. We denote by J the complex structure of the del Pezzo surface 
X(E). From the theorem l0.ll we have 

Theorem 6.18. A degenerate del Pezzo surface admits deformations of distinct bi- 
hermitian structures (J,Jj~,hA with Jq = J and Jf ^ ±J for small t ^ 0, that is, 
J^Jj"| t=0 = — 2(/3"U + (3 -uj), and the complex structure Jf is not equivalent to J of X(E) 
under diffeomorphisms for small t ^ 0, where u is a Kahler form. 
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Proof. If X(£) is a del Pezzo surface, we already have the result. If X(E) is not a del 
Pezzo but a degenerate del Pezzo, we still have H 2 (X(E),Q) = i^" 1 (X(S), K~ x ) = {0}. 
Thus we have deformations of bihermitian structures as in the theorem 10. 1[ It is sufficient 
to show that the class [f3-ui] does not vanish. Since K ■ C = 0, the line bundle K\c —> C = 
CP 1 is trivial. If there is a point P G D n C, then /3(P) = and it follows that f}\ c = 0. 
Since D is smooth, we have D = C. However D-D = 9 — r and D-C = —K ■ C = 0. Thus 
£>nC = 0. Then applying the proposition EZH we obtain [f3-u}^0e H 1 (X (E) , Q) . □ 

7 Appendix I (The Kuranishi family of generalized 
complex structures) 

We shall discuss an analog of the Kuranishi family of deformations of generalized com- 
plex structures. The deformation theory of generalized complex structures was already 
obtained in [12] by using the implicit function theorem. For the completeness of this paper, 
we will give the different construction of deformations of generalized complex structures 
by using the power series. Our method explicitly shows that the deformations family 
depends holomorphically on the parameter t and we can also have an estimate of the 
convergent series as in section 1. 

Let (X, J) be a compact generalized complex manifold and L := Lj the Lie algebroid 
bundle as before which gives the decomposition, (T©T*) C = L © L. Note that the 
obstruction space H 3 (A'Lj) does not necessary vanish. Even in the case we obtain the 
family of deformations which is parametrized by an analytic set. We fix a metric on X 
and consider the adjoint d* L , where di is the derivative of the complex, 

• • • d -h A k Lj ^ A k+1 Lj % ■ ■ ■ . 

We also denote by Gl the Green operator of the Laplacian := did* L + d* L di- 

Let {i]i}™ =l be a basis of the Harmonic forms H 2 (L) = H 2 (L). As in (11.181) we also 
have the convergent series e(t) which is a unique solution of 

e(t)=e 1 (t)-^dlG L [e(t),e(t)} s , (7.1) 

where £i(t) = Y^Li ViU an d t — (t±, , • • • , t m ) G C m . Note that e(t) is not a section with 
one variable but one with several variables t = (ti, , • • • ,t m ). The convergent series e(t) 
is determined by the first term Ei(t). The harmonic component of [e(t),e(t)]s is denoted 
by H([e(t),e(t)] s ) G H 3 (A'Z). We define an analytic set A by 

A = { t G C m | \t\ < a, H([e(t),e{t)) s ) = } 

where a is a sufficiently small constant. 
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Proposition 7.1. We have a family of generalized complex structures {Jt} which is 
parametrised by the analytic set A. 



Our proof is almost same as in the one of complex deformations and we use the similar 
notation as in |16|. 



Proof. It suffices to show that for a fixed Si(t), the e(t) in (17. lj) satisfies the Maurer- 
Cartan equation if and only if H([e(t),e(t)]s) = 0. If e(t) is a solution of the Maurer- 
Cartan equation, 

d L e{t) + ^[e(t),e(t)] 8 = 0. 

Then it follows that the harmonic part H([e(t),e(t)]s) vanishes. Conversely, we assume 
that H([e(t),e(t)] s ) = 0. Let ^ = d L e(t) + l[e(t),e(t)] s G A 3 I. It follows from fl7TTD 
that that d^it) = — \did* L G L[e{t) , e(t)]s- Then applying the Hodge decomposition to 
[e(t),e(t)] s , we have 

2* = - d L d* L G L [e(t), e(t)] s + [e(t),e(t)] s (7.2) 
=H([e(t),e(t)] s ) + dld L G L [e(t),e(t)]s (7.3) 
=d* L d L G L [e(t),e(t)} s (7.4) 

By using the proposition 11.21 and substituting dieit) = \& — ^[e(t),e(t)] s , we have 

V=<r L G L [d L e(t),e(t)] s (7.5) 

=d L G L [y, e(t) } s - d L G L l - [ [e(t),e(t)] s , s(t) ] s (7.6) 

=d L G L [*,e(t)] s . (7.7) 
We use the Sobolev norm || || s and the elliptic estimate, 

H^II^CjII [*,e(t) (7.8) 
<C 2 ||*||.||e(t)||„ (7.9) 

where Cj, C 2 are positive constants. Thus for small t such that C 2 ||e(t)|| s < 1, it follows 
that ^ = 0. Hence e(t) satisfies the Maurer-Cartan equation. □ 



8 Appendix II 

We will give a short explanation of the Schouten bracket and the proposition 11.21 Our 
definition of the Schouten bracket is called the Dervied bracket construction [19]. Let 
(X, J) be a generalized complex manifold with th decomposition (T © T*) c = Lj © Lj. 
We denote by A'Lj the skew-symmetric forms of Lj, which acts on differential forms 
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AT* by the spin representation. Let Kj be the canonical line bundle which is given by 
Kj = { (j) G AT* | Lj ■ (j) = }. Then the space of differential forms is decomposed into 
irreducible representations: AT* = ©f™ ?7~ n+p , where each component U~ n+P is given 
by A p Lj ■ Kj. For a section e G A p Lj, we denote by |e| := p the degree of e. The 
exterior derivative d is decomposed into d = d + d, where d : U~ n+P — > l/~ n+p ~ l and the 
complex conjugate d : U~ n+P — > Jj^ n+P+1 . We consider e G A'Lj is an operator from Kj 
to by the spin representation of A'Lj on AT*. For £1,62 G ATj- , we define a 

graded bracket [ , ]q by [ei, £2]^ = ^1^2 — (— l)' £l ' ' e2 '£2£i- Let A be a differential operator 
acting on AT*. If A : JJ~ n+% — > £/- n +*+ a ; for all i, A is an operator of degree a = \A\. 
For operators A, B of degree \A\ and we also have the graded bracket: 

[A,B] G :=AB-(-l)WWBA. 

The exterior derivative d admits the decomposition d — d + d, where d and d are 
operators of degree 1 and —1 respectively. Then d is an operator of odd degree and the 
graded commutator with e G ALj is given by 

De := [d,e] G = de - (-l) lel ed. 

Then we define Schouten bracket [ei, ,e 2 ,]s G A' ei ' + ' Ea ' -1 L > 7 by 

[ei, := [ £2 ]g = [ [d, £i]g, £2 ]g = [ [9, £i]g, £2 ]g, (8.1) 

where [[<9, £i]g> £2]g = and [ei,,e 2 ,]s G A^ + ^~ x Lj. Let be the derivative of the 
Lie algebroid Lj. Then we have 

d L e = [d,e} G e A p+1 Lj (8.2) 

(Refer to In fact, since we have [9, e]cf(f> = f[d, e)g + [df, e]g4> = f[d, e)q, the oper- 
ator [d, e]g is regarded as an element of Hom(Kj, JJ~ n+ ^ +1 ) and since [[d, e]q, £i]g4> — 
for G iTj- and E\ G A'Lj, the commutator [<9, ejc is also an element of A' e ' +1 Lj- under 
the isomorphism A p Lj =Hom(Kj,U~ n+p ), which is given by the spin representation. 
Then we obtain an isomorphism between two complexes: 

{A'Lj,d L )^{U- n+ '®Kj\\B, } G ) 

In fact we have 

[d, [d,E] G ] G =[d, (dE-(-l)^Ed)] G (8.3) 

=We - {-l)^ded - (-lp +1 d£d - eW (8.4) 
=0 (8.5) 

From now we identify d^E with [d, e]g- 

We have the following relations of the graded bracket. 
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Lemma 8.1. 

[A5] G = -(-l)l A H B l[B,4, (8.6) 
the Jacobi identity of the graded bracket holds 

[[A, B) G , C] G (-ir^ + [[B, C] G , A] g (-1)I^I + [[C, A) G , B] g (-1)WW = (8 . 7) 

Proof. These follows from a direct calculations. □ 
We also have the following three relations of the Schouten bracket, 
Lemma 8.2. 

[ei,B2]s=(-l) l£lll£2l {s2,e 1 ]s 

Lemma 8.3. 

e 2 ]s = [d L £i, e 2 } s + (-l)' £l1 [ei, d L e 2 ] s 

Lemma 8.4. 

[ [£i,e 2 ) s , £3 ] 5 (-l) |£l|M + [ [e 2 ,es] s , £^(-1)1*1 + [ [e 3 ,e 1 ] s , ea ] ff (-l)M«»l = 

We shall show that every lemma follows from (18.21) and lemma 18.11 
Proof of lemma HOI for e±, e 2 G A'Lj-, we have 

D[ei, s 2 ] G = [Dei, e 2 ] G + (-l) |£l1 [e u De 2 ] G = (8.8) 

Since [£i,£ 2 ]g = 0, we have [Dei,e 2 ] G + (-l)' £l1 [ex, De 2 ] G = 0. Since [si,De 2 ] G = 
_(_l)[ei|(l«[+i)[D e2jei ] G> W e obtain 

[De 1 ,e 2 \ G =(-l) ]£M [De 2 ,e 1 \ G 

It implies that [ei,£ 2 ]s = (-l)' £l1 M [e„ ei] s . □ 
Proof of lemma \8.3\ From (18.11) we have 

d L [ei,e 2 \s =[d, [e 1 ,e 2 ]s] G = [d, [De 1 ,e 2 } G ] G (8.9) 
Applying the lemma 18.11 we have 

{-l) M d L [e u e^ 8 =[[De u e a ] ai d] G (-l)(-l)^ + ^-\-l)^ (8.10) 

= [[^i,e 2 ] G ,S] G (-l)(-l) |ei1 - 1 (8-11) 
= [[e 2 ,d] G , De 1 ] G (-l)^^^ (8.12) 

+ [[d,De 1 ] G , £ 2 ] G (-1) |£2 ' (8.13) 
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From the lemma 18.11 , we also have 

[d,De 1 } G =[De 1 ,d} G (-l)(-lp\- 1 (8.14) 

= [[a,e 1 ] G ,a] G (-l)(-l)l-l- 1 (8.15) 

= [[ £l ,d] G ,d] G (-l)^-\-l)^ (8.16) 

+ [{d,d} G ,e 1 } G (-l)^-\-l)^ (8.17) 

Since [d, d] G = dd + dd = 0, we have 

\B,Dei] G =[[ei,d\ Gt d] G (-l) (8.18) 

= [[d,s 1 ] G , 9] G (-1)N (8.19) 

= [9, [a, £l ] G ] G (-l)l^l(-l)(-l)l^l+ 1 (8.20) 

=Dd L ei (8.21) 

Substituting them, we obtain 

(-l)l £2 l^[ £l) £2 ] 5 = [ [d, e 2 ] G , De l } G (-l) |£21 Cl- 1 [-i)(_i)(_i)l- 2 | (8.22) 

+ [,Dto, e 2 ] G (-l) |£21 (8.23) 

(8.24) 

Hence we have 

d L [e 1 ,e 2 ]s=[De l , [a,£ 2 ] G ] G (-l)l £2 l^l- 1 )(-l)(-l)^l- 1 )(l e2 l +1 ) (8.25) 

+ [Ddrei, e 2 ] G (8.26) 

= [Dd L e h e 2 ] G +(-l)^ [Dei, \d,e 2 ] G ] G (8.27) 

= [dLSuE 2 ] s + (-l)^[e u d L e 2 }s (8.28) 

□ 



Proof of lemma {8^4 For £i, e 2 , e 2 G A'Lj, it follow from (18.81) that one have 



[ [si,e2]s, £3]$ = [D[De 1 ,e 2 ]G, ^] G 

= [[D£ 1 , J De 2 ] G ,e 3 ]G(-l) (|£l|+1) 



£2,£3,}s, £i] 5 =[ j D[ j D£ 2 ,£ 3 ]g, ei] G 

= [[23e 8> e 8 ]o, ^i] G (-l) (|£2|+|£3|) 



[ [e3,ei]sr, e2] 5 = [D[De 3 ,ei] G , e 2 ] G 

= [D[e 3 ,D £l ] G ,e 2 ] G (-l)^ + V 

= [[e Sl D ei \ a , De 2 ] G (-l)^ +1 \-l)^ + ^ 
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Then we have three equations, 

[ [ei,ea]s, e 3 ] s (-l) |ei||eal =[ [De x ,De 2 \ G , e 3 ] G (-l)(M+i)(-l)l*l (8 . 29 ) 
[ [s2,e 3 ] Sl £i y-l)*l = [[De 2 ,e 3 ] G , Ds 1 ] G (-l)^\ + ^\-l)^ (8.30) 
[ [e3,ei]s, e 2 ] 5 (-l) |esl|6al =[[e 3 ,De 1 ] G , De 2 ] G (-l)(l £3 l +1 )(-l)^l + l £l l)(-l)l £3 H £2 l (8.31) 

Multiplying (-l)(M-ki|-i) ; we have 

[ £l)£2 ] S) es ] fl (_i)l«IN =[ [De 1} De 2 ] a , e 3 ] (-i)<l«l+UI«»l (8.32) 
(_l)(k 3 |-kx|-i)[ [£2}£s]sj ei ] s( _ 1) | ea ||e 1 | =[ [D£2i£3 ] G} D £l ] G (-l)(M+ 1 X^+ 1 ) (8.33) 
(_1)(I«bH«iI-i)[ [£3)£l]5) £2 ]^ ( _ 1) NIN =[[e a ,D ei ]Q, Ds 2 ] G (-l)^^ (8.34) 

We apply the Jacobi identity of the graded bracket [,]g 

[[A, B] G , C] G (-ir^+[[B, C]c, A] G (-ir^+[[C, A] G , B] G (-1)™ = 

(8.35) 

Then we have the Jacobi identity of the Schouten bracket 
[ [ei,e 2 ] S , 5 3 y-l) Mk31 + [ [S2,e 3 ) s , ei ] 5 (-l)l«"«l + [ [e 3 ,e 1 ) s , e 2 ] 5 (-l)l*l = 0. 

□ 
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